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Abstract. The paper contains enumerative combinatorics for positive braids, 
square free braids, and simple braids, emphasizing connections with classical Fi- 
bonacci sequence. The simple subgraph of the Cayley graph of the braid group is 
analyzed in the final part. 



1. Introduction 

The classical Fibonacci sequence, (-F„)„>o : 0, 1, 1, 2, 3, . . . appears from time to 
time in enumerative questions related to Artin braids |2], the geometrical analogue 
of permutations. The positive n-braids can be defined as words in the alphabet 
{a;i,a;2, • • ■ ,Xn-i}'- 

1 i-l i i+l i+2 n 
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in which we identify two words obtained using finitely many changes of type 

^(xjXj)/? i — )■ a{xjXi)f3 (for |i — j| > 2) 

a{xiXi+iXi)(3 < — > a{xi+iXiXi+i)(3 (for i = 1, 2, . . . , n - 2): 
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A central role is played by Garside braid [10]: A„ = a;i(x2Xi) . . . (x„__i . . . Xi] 
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We will denote by J^Bn the set of positive braids, by -MB^ the set of positive braids 
not containing A„ as a subword, and by Div(A„) the set of positive braids which 
are subwords of Garside braid: 

Div(A„) = {oj E M.Bn\ there exist a,/3 G M.Bn such that A„ = auj[3}. 

A well known result says that the set of square free positive braids coincides with 
Div(A„). In |1] is defined in many ways the set of simple braids, SBn C DivA„. 
One definition is: 

Definition 1.1. A simple braid is a positive braid /3 G M.Bn which contains a letter 
Xi at most once. 

In our first computations Fibonacci numbers (Fk) appear; bk and 6^ represents 
the number of braids of length k in MBs and AiB^ respectively. 

Theorem 1.2. The generating function of AiBs is 

Gmb-M = Y^ bkt^ = 1 + 2t + 4t2 + 7t^ + 12t^ + 20t^ + . . . 

fc>0 

where b^ = -Ffc+s ~ 1; k > 0. 

Theorem 1.3. The generating function of AiB^ is 

^MBtit) = Yl ^kt'' = 1 + 2t + 4^2 + Qt^ + lOt^ + 16t^ + . . . 

fc>0 

where 6^ = 2Fk_i, k > 1. 

Theorem 1.4. The number of simple braids in SBn is F2n-i- 

The paper contains some other combinatorial problems related to positive braids. 

In the next section the proofs of the first two theorems are given. 

In the third section the generating polynomial of the square free braids is com- 
puted (Proposition 13. ip and the recurrence relation for its coefficients are presented 
(Proposition 13. 2p . 

A proof of Theorem II. 4[ the generating polynomial for simple braids, and some 
properties of its coefficients (Proposition 14. ip are contained in section 4. 

The fifth section contains enumerative problems related to the set of conjugacy 
classes of simple braids (Proposition 15. ip . 
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In the last section we analyze the subgraph of the Cayley graph of the braid group 
generated by simple braids (Proposition 16.21 and Proposition I6.3p . 

Connections between multiple Fibonacci-type recurrence [12] and Jones polyno- 
mial and Conway-Alexander polynomial for closed braids are presented in [^ and 

2. Positive braids 

The generating function for positive braids was computed by P. Deligne [9] using 
invariants of Coxeter groups. A direct computation for 3-braids was done by P. Xu 
[H] and an inductive algorithm for Gmb„ (t) and some generalizations are contained 
in Z. Iqbal ^llj. Using any of these references, we have 

Corollary 2.1. ([H], [H], [H]) The generating function for positive 3-braids is given 
by 

^^^^^^^ = ii-t){i-t-t^y 

Proof of Theorem \1.B The expansion in simple parts GmBz if) = i^t-t'^ ~ i^ ^^'^ 
the equality (1 — t — t"^)^^ = ^ F^+it^ gives the result: 

fe>0 

hk = {2Fk+i + Fk)-l = [Fk+i + Ffc+2) - 1 = F,+3 - 1- □ 

Proof of Theorem \1.3\ Every positive braid (3 can be written in a unique way as 
a product /3 = A^/S"*" with /3+ G -MB^ (see [lOj), therefore the decomposition 
MB3= U ^3 ■ -^^^ implies: 

A:>0 

GMBtf) = il+t' + t' + .. r' ■ GM6,it) 

Simple computations shows that b^ = 1, bf = 2 
k > 3, b'l^ —b^_^ —b'l_2 = 0, hence the result. 

For a universal upper bound of the growing type of A^i3„, see [7j. 

3. Square free braids 

To represent an element of Div{An), i.e. a positive square free braid, we choose 
the canonical form given by the smallest elements in the length-lexicographic order 

(see m, my- 

Pk,.j = /3fci,ji/3fc2,i2 • • • Pk„j, 
where (3kj = XkX^-i ■ ■ -Xj+iXj, 0<s<n — 1, l<ki<k2...<ks<n — 1, 
and jh < kh for h = 1, . . . , s (the case s = corresponds to the unit /3 = 1). For 
simplicity, we will write DiVn for Div{An). Let us denote by dn^i the number of 
divisors of A„ of length i and by G^ivn (t) the generating polynomial of the square 
free n-braids. 



1-t 


-t2 


fe>i 






2F2, 


bt = 


: 4 = 2F3, 


and. 


for 

D 



4 REHANA ASHRAF, BARBU BERCEANU, AYESHA RIASAT 

n(n-l)/2 

Proposition 3.1. GoivA^) = E (^n,it' 

= {i + t){l+t + t^)...{l + t + t^ + ...+ t"-i). 

Proof. We start the induction witli n = 2: Div2 = {1, xi} and GDiv2if) = 1 + t. Ttie 
canonical form of square free braids shows that the map 

/ : DiVn-l X {1, /3„_i,i, /3n_l,2, • • • , Pn-l,n-l] > DWn, 

defined by /(w, 1) = w, /(w, /3„_/c) = w ■ f3n,k, is a bijection. The generating polyno- 
mial of the set {I, /3n-i,k}k=i,...,n-i is 1 + t + . . . + r"^ so Gmv^it) = Goiv^.^it) ■ 

(i + t + ... + r-i). D 

Corollary 3.2. The sequence {dn,i)^^Q n(n-i) is symmetric and unimodular and 
satisfies the following recurrence relation: 
a) difl = 1, di^i = Oifiy^l; 

'^J (^n+l,i (^n,i ~r (J"n,i—1 ~r • • • ~r U'n,i—n- 

4. Simple braids 

The canonical form of a simple braids in SBn is 

where 1 < ki < k2 < ■ ■ ■ kg < n — 1, ji < ki for alH = 1, 2, . . . , s, and also jj+i > ki 
for alH = 1, 2, . . . , s — 1 (see [4j). Let us denote by SBl^ the subset of simple braids 
of length i in SBn and Sn,i its cardinality. The generating polynomial of simple 

n-l 

n-braids is denoted by GsB„(t) = ^ Sn,it\ We are interested to count the number 

i=0 

of simple braids Gss„{^)- 

Proposition 4.1. The sequence {Sn,i) is given by the recurrence: 

a) si 1 = and Si^i = for i j^ I; 

b) Sn,i = Sn-l,i + Sn-l,i-l + Sn-2,i-2 + • • • + Sn-ifi- 

Proof. The set i5i3^ can be decomposed as disjoint union as follows: 
SB'^ = SBl_, U {SK-\ X {a;„_i}) U {SBl;\ x {x„_ix„_2}) n . . . U {xn-i • • • xi}. 

D 
Corollary 4.2. The sequence {sn,i) satisfies also the recurrence : 

^n,i -^"Sn— 1,4— 1 T "Sji—i^j Sn—2,i—l- 

Example 4.3. Starting with s„.o = I5 ■s„.i = n — 1, and using the recurrence of 
Proposition 14. II we get Sn,2 = {n — l){n + 2)/2!, s„^3 = (n — 3)(n + 4)(n — l)/3! and 
■Sn,4 = (n — 4)(n + l)(n^ + 5ra — 18) /4!. Using the same recurrence we find that the 
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last non zero coefficient is Sn,n-i = 2"~^ (if n > 2). First values of Sn,i (on the n-th 
line) are given in the triangle: 

1 

1 1 

1 2 2 

13 5 4 

1 4 9 12 8 

Proposition 4.4. Sn,i is a polynomial in n of degree i and leading coefficient is l/i\. 

Proof. The induction by i starts with Snfl = 1 and s„_i = n — 1. Using Proposition 
I4.H we have 

where the sum is a polynomial in n of degree i — 1 and leading coefficient l/(z — 1)!. 
This implies that s„_j is a polynomial in n of degree i and leading coefficient is l/i\. 

U 

Proof of Theorem\T^\By definition ^^^^(l) = s„,o+Sn,i+Sn,2+s„,„-2 + . • . + Sn,n-i- 

^^ n-l 

Using the recurrence given in Proposition 14. H we expand GsbS^) = Yl ^n,i and get 

i=0 
GsB.a) = 2GsB„^A^) + GsB„-.a) + GsB„^:X^) + ■■■ + ^55,(1) + ^^^.(l). 

Starting an induction with ^^^^(l) = 1 = Fi = F2, Gsb2{^) = 2 = F3, ^503(1) = 
5 = F5, we obtain 

GsBni^) = 2F2„_3 + F2n~5 + • • • + -F5 + -^3 + -^2 
= 2F2„_3 + F2n-5 + . . . + -F5 + -^4 

= 2F2n-3 + F2n-5 + -^277-6 = 2F2„_3 + -F2n-4 

= -^2n-2 + F2n-3 = -^2n-l- D 

5. Conjugacy classes of simple braids 

A simple braid (3 G SBn is conjugate to the braid 

13a = (a;iX2 . . . Xs-,-l){Xs^+l ■ ■ . X^a-l) • • • {Xs,_^ + 1 ■ ■ ■ Xs,-l) 

(i.e. there is a positive braid a G A^i3„ such that f3a = q;/3^); here A = (ai, 02, ... , a^) 
is a sequence of integers satisfying ai > 02 > . . . > a^ > 2 and Sj = ai + 02 + • • • + Oj. 
Conversely, if (3 a and f3A' are conjugate, then the sequences A and A' coincide (see 

HI)- 
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The generating polynomial for distinct conjugate ra-simple braid is denoted by 

n-l 

Cfnit) = J2 Cn,it\ where Cn,i is the number of conjugacy classes of positive simple 

i=0 

braids of length i. A partition of a positive integer m is a representation of m 
in a form m = mi + 1712 + . . . + ruk where the integers mi, m,2, • • • , m,k satisfy the 
inequalities m,i > m,2 > • • • > mk > 1. The number of partitions of m, into k parts 
is denoted by P{m,, k) (see 



Proposition 5.1. The number of conjugacy classes of simple braids of length i is 
given by 

Cn,i = P{i + fnin{i, n — i),min{i, n — i)). 

Proof Consider /Sa = (xiX2 . . . Xs^-i){xsi+i ■ ■ ■ Xs2~i) ■ ■ ■ {xs^_i+i ■ ■ ■ Xg^^i), the canon- 
ical representative of a conjugacy class in SBn, of length i = Sr — r.We asso- 
ciate to the sequence A = {ai > a2 > ■ . . a^) (here a,. > 2) the partition of i, 
i = (ai — 1) -|- (a2 — 1) + . . . (ttr — 1). The condition Sr = ai + a2 + ■ ■ ■ + ar < n implies 
i -\- r < r, therefore the number of conjugacy classes of simple braids of length i is 
given by the number of partitions of i into at most n — i parts: 

Cn,i = P{i, 1) + P{i, 2) + . . . + P{i, min{i, n-i)). 

k 

Using the relation P{n + k,k) = ^ P{n,k) [k < n) (see [I3]), we obtain the 
result. n 

6. Simple Graph 

We consider the subgraph of the Cayley graph of the group En with vertices the 
simple braids. 

Definition 6.1. The simple graph F^g^ is the graph with vertices SBn and edges 
between the simple braids /3 -H- /3xj {i = 1, ... ,n — 1). The number of vertices of 
TsSn is F2n-1- 

Proposition 6.2. The number of edges of the graph F^g^^ is: 

e(r5B„) = {n- l)Sn,0 +{n- 2)Sn,l + ... + Sn,n-2- 

Proof. The number of edges between a vertex /3 of length i and vertices of length 
i -|- 1, (3xj, is the number of letters Xj which are not in the simple braid /3, and this 
number is n — 1 — z; this gives (n — 1 — i)sn,i edges between simple braids of length 
i and i + 1. D 

Proposition 6.3. a) The graph Ts^^ is connected and n-partite. 
b) ^SB„ is planar if and only if n <6. 
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Proof, a) Any vertex /3 = Xi^Xi^ ■ ■ -Xi^ is connected to the empty word 1 by the 
path 1 — Xjj — Xi^Xi^ — . . . — (3. The parts are given by simple braids of the same 
length. More generally, the Cayley graph of Coxeter groups are multipartite because 
multiplication by generators modifies the length of words with ±1. 

b) The graph Tsb^ is canonically embedded in Tsb^+i- ^he graph Tsb-j contains 
^3^3 as a subgraph and TsBa has a planar imbedding, see the next pictures: 




2145 
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A i^3,3 subgraph of Tssr 



n 



The close relations between simple braids in SBn and the corresponding permu- 
tations in the symmetric group E„ and also the simple part of the permutahedron 
(the simple graph Tsb^ is its one dimensional skeleton) are studied in |5]. 
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